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Abstract 

Let m n and m n -i be an n mean and an n — 1 mean, respectively, 
n > 3. If x = (xi, x n ), let TTjtjX = (xi, Xj-i,Xj+i, x n ). 
m n -i and m n are said to form a type 1 invariant pair if 
m„(m„_i(7r^i£), m„-i(7r^ 2 i), m„_i(7r^ n £)) = m n (x) for all £ £ 

5R n . 

m n _i and m n are said to form a type 2 invariant pair if m n (x, m n -i(x)) 
m n -i(x) for all x £ 

If x — (xi, x n -i), let ir=jx = (xi 7 xj-i, xj, Xj, Xj+%, a: n -i) 6 

m n _i and m n are said to form a type 3 invariant pair if 
m„_i(m„(7r = ii), m n (n= n - 1 x)) = m n _i(£) for all a; £ Let 



where h(x) is continuous and 



V 



monotone, and w(x) is continuous and positive, on (0, oo) denote the 
family of weighted quasi-arithmetic means in n variables. 

We prove that if mh,w,n and mh,w,n-i form a type 1 or type 3 invariant 
pair, then mh,w,n and m,h,w,n-i are quasi-arithmetic means. The method 
of proof involves deriving equations for certain partial derivatives of order 
3 of rrih.w.n on the diagonal of 5ft" . The proof also requires an equation 
relating certain partial derivatives of order 3 for type 1 or type 3 invariant 
pairs of means. We also show that any pair of weighted quasi-arithmetic 
means rrih,w,n and mh,w,n—i form a type 2 invariant pair. 

1 Introduction 

Let 5ft = (oo,oo),5ft™ = {(ai,...,a„) £ 5ft™ : a, > OVi}; We define a mean, m, in 
n variables (n mean for short as in [5]) to be a function on 5ft™ with 
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min(ai, ...,a„) < m(ai, a„) < max(ai, ...,a„). 

m is called symmetric if m(7r(ai, a„)) = m(ai, a n ) for any permutation 
7r. It follows immediately that m satisfies the reflexive condition m(a, a) = a 
for any a G Note that sometimes the weaker reflexive condition is given 
as the definition of a mean. Let m n and m n -i be an n mean and an n — 1 
mean, respectively. In pQ the author introduced the notions of type 1 and type 
2 invariance, which are defined as follows. 

Definition 1 Let m n and to„_i be an n mean and an n — 1 mean, respectively, 
n>3. If x = (xi, ...,x n ), letn^jX=(xi,...,Xj-i,Xj + i,...,x n )€$t r l~ 1 . m n _i 
and m n are said to form a type 1 invariant pair, written (m n _i,m n ) G T\, if 

m„(m„_i(7r^ii),m n _i(7r^2*), — , m n -i(ir^nx)) = m„(x) 

/or a/Z x £ 3?" . TTiai is, (m n _i,m n ) G Ti £/ 

m n (m n _i(x 2 , ...,x n ), ...,m„_i(xi, ...,x„_i)) = m„(xi, x„). 

For example, m(a, &) and M{a, 6, c) form a type 1 invariant pair if 
M(m(a,c),m(a,b),m(b,c)) = M(a,b,c) for all (a,b,c) G In g], if 
(m n _i,OT n ) G Ti, then m n is called a /3 invariant extension of m„_i. 

Definition 2 Let m„ and m n —i be an n mean and an n — 1 mean, respec- 
tively, n > 3. TOn-i and m„ are said to form a type 2 invariant pair, written 
(m n _i,m n ) G T 2 , if 

(xi,...,x n -x)) = m n -x(xx, ... 

/or aZZ (xi, ...,x„_i) G 

For example, m(a, 6) and M(a, &, c) form a type 2 invariant pair if 
M(a, b, m(a, 6)) = m(a, b) for all (a, 6, c) G 

Numerous results were proven in [1] for type 1 and type 2 invariance for 
means in two and three variables. See g] for additional results for type land 
type 2 invariance for means in n variables. In this paper we also introduce a 
third type of invariance, which is similar, though somewhat different, than the 
other two types. 

Definition 3 Let m n and m„_i be an n mean and an n — 1 mean, respectively, 
n^3. If x — (xi , . . . , x n _ i ) , let 7T—jX — {x\,...,Xj—\,Xj,Xj,Xjs r \,...,x n —\) G 
3?" . m n -i andm„ are said to form a type 3 invariant pair, written (m n _i, m n ) G 
T 3 ,if 

m n _i(m„(7r=ix), ...,m n (7r=„_ix)) = m„_i(x) 

for all x G 3?™ _1 . That is, (m„_i, m n ) G T3 if 

m n -i(m n (xi, xi,x 2 , ...,x„_i) , m n (xi, x 2 , x„_i, x„_i) ) = 
m n _i(xi, ...,x„_i). 
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For example, m(a, b, c) and M(a,b,c,d) form a type 3 invariant pair if 
m(M(a,a,b,c),M(a,b,b,c),M(a,b,c,c)) = m(a,b,c) for all (a, b,c) G If 
(m„_i,m n ) G Tfe, fc = 1, 2, or 3, we shall also sometimes say that m n is a iype 
A; invariant extension of m„_i, or that m„_i is a type A; invariant reduction of 
m„. 

It is easy to show(see Theorem Q] ) that (m/j )n _i, m^n) G Tfc,fc = 1,2,3, 

where m/, )n (oi, a n ) = /i -1 I i M a fc) ) are the quasi-arithmetic means, 

V™ fc=l / 

h(x) a given function continuous and monotone on (0, oo). One might then ask 
if the same holds for the weighted quasi-arithmetic means mh iWjn (ai, a n ) — 

(Y] w(a k )h(a k ) \ 
k=1 „ , where w(x) is continuous and positive on (0, oo). In pQ, 

w(a k ) J 

the author stated (without proof) that if one uses the same h and w, then the 
only pairs of weighted quasi-arithmetic means in two and three variables which 
are type 1 invariant are the quasi-arithmetic means. However, the proof of this 
does not appear to be as short or simple as this author had originally thought. 
In section[2]we supply a proof (Theorem [2]) that {mh, w .m'mh,w,n-i) G T\ •<=>• 
m n -i and m„ are quasi-arithmetic means. We also prove (Theorem|4]) the same 
result for type 1 invariance, but where we asume that n > 4. Unlike the situation 
for type 1 or type 3 invariance, it is easy to prove(see Theorem [3] in [5]) that any 
pair of weighted quasi-arithmetic means are type 2 invariant. The proofs of 
Theorems [5] and Theorem 0] require the partial derivatives of m^ jt0 „ and of 
mh,w,n-i 011 the diagonal(all coordinates equal), through the third order. The 
formulas for these partial derivatives in terms of w, h, and n are given in section 
[^Proposition [lj. We also require equations relating the partial derivatives on 
the diagonal, through the third order, of any pair, (m n -i, m n ) of type 1 or type 
3 invariant means. We also give such an equation for (m n _i, m n ) G T2, though 
we do not use that equation to prove anything. These equations are given in 
section[Hsee Propositions!]] and 15). The third order equations are different 
for each type of invariance, but the second order equations are identical. More 
specifically, if (m n _x,w n ) G T^,k = 1,2, or 3, then on the diagonal, m n _i 

and m n satisfy the second order equation = ^"r 1 ^, 9 T'l' 1 . The proofs 
of Propositions HI [21 [31 and 0] just involve the product and chain rules, along 
with Lemma [2] and Theorem [T^see the Appendix), but they are rather long and 
tedious. Hence we leave their proofs to the Appendix. The dedicated reader 
may try to follow all of the details, or perhaps come up with a shorter and less 
tedious proof. The equations given in [2j El and [4] are of interest in their own 
right and could be used to prove that certain other pairs of means (m„_i, m n ) 
are not invariant pairs of a certain type. 
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2 Main Results 



For brevity of notation, we leave off the dependence of the weighted quasi- 
arithmetic means, mh, w , on n,h, and w. 

Proposition 1 For fixed n >2, let = (x, x) e Sft™ . Let m(xi, x n ) = 

(Y] w(x k )h(x k ) \ 
be a weighted quasi-arithmetic mean, where w(x) is twice 
Y2w(x k ) J 

differ entiable and positive on (0, oo), and h(x) is three times differ entiable and 
monotone on (0, oo). Then 

d 2 m f x M \ — n— 1 2h'w'+wh" (2 1) 

dx'f \ ' n 2 h'w ' V " I 

d 2 m f n .\n]\ — Ih'w' — wh" r*\ 

(xN) = 



_ n-l 3n(h') 2 ww" +3(n-2)ww' ti h" + (n+l)w 2 ti ti" -6(ti) 2 (w') 2 -3w 2 (ti') 2 
~dxj ( X ' ') - "7? (h') 2 w 2 



(2.3) 



d 3 m 1 [n]\ _ 2(3-n)(/t') 2 (tu') 2 +3(2-n)/t' ti'ww' -nww" {ti) 2 + {3-n)(w) 2 (h") 2 -ti (w) 2 ti" 
dx'f dx 2 ^ X I ~~ n 3 (h')' A w 2 ' 

(2.4) 

Proposition 2 Suppose that the n mean, m n , is type 1 invariant with respect to 
the n—l mean, m n -\,n > 3, where m n and m n _i are three times differ entiable 
and symmetric means on 9f!" and on respectively. Then for all x > 0, 



^ (a [»-i] ) = Z^^ (*[»]) (2.5) 



d 2 m 
~~dx^ 



_ 3n 8^.(^1) _ 3nf(n-2) ( ^ (l H)) 2 . 
(ri— 1) dxfdx 2 v ' (n—l) \ oxf ^ >) 

Proposition 3 Let x^ = (x,...,x) G 3i™ and suppose that the n mean, m n , 
is type 2 invariant with respect to the n — l mean, m„_i,n > 3, where m n 
and m n -\ are three times differ entiable and symmetric on Sft" and on , 
respectively. Then for all x > 

d 2 m r ( \nU _ (n-l) 3 d 2 m n t , \ n -l] x 
J - n 2 (n-2) 9x 2 J 

»-i (^[n-lh - n 2 (n 2 -3n+3) 8 3 m„ / [n] \ , 3n 2 d 3 m n / [nh 
^ - 1 ~ (n-l) 4 J + (n-l) 3 a^za ^ 



9 m 
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Proposition 4 Let x^ = (x,...,x) 6 5ft™ and suppose that the n mean, m n , 
is type 3 invariant with respect to the n — 1 mean, m n -i,n > 3, where m n 
and m„_i are three times differentiable and symmetric on 5ft™ and on 5ft™ _1 , 
respectively. Then for all x > 



"i d l™ n (x [n] ) + ^TTf^^ 1 ™ 1 ) - " 3 -"-6 83 " r i ( x ["- 1 ]) + 
n— 1 Oxf v 7 n— 1 dxfd'X2 y ' « J axj v 7 

3(n 2 +n-6) 3 3 m„-w [n-lh i (n-3) (n-2) (n+2) 9 3 m„_! / [n-lh Icy on 

n 3 'dxJdx^' [ - X 1^ n? dx 1 dx 2 dx 3 \ X /""" 

3(n-3) 9 2 m„ / .H ^'m n-i pln-lK _ a 
n(n-l) ~dxY { ~ > dx\ \ X > ~ U ' 

Let be a continuous, monotonic function on (0, oo) and let m{a\, ...,a n ) 
be an n mean. Define another n mean, m^, by 

m 4 '(a 1 , ...,a n ) = _1 (m(0(ai), 0(a n ))). 

Lemma 1 (m„_i,m n ) E T k (mf i _ 1 ,mf l ) eT k ,k= 1,2,3 

Proof. Since the inverse of a continuous, monotonic function on (0, oo) is also 
monotonic a continuous, monotonic function on (0, oo), it suffices to prove that 
(m„_i,m„) eTt4 KLi.m*) e T fe . 

For Type 1: Suppose that (m n _i,m n ) G Ti. 

m t{ m t-l( X 2, ...,X„),...,TO^_ 1 (xi,...,X„_i)) = 

<p~ 1 (m n ((f)(mf l _ 1 (x2, ...,x„)),0...,0(m^_ 1 (xi,...,x„_ 1 )))) = 
_1 (to„(to„_i(0(x 2 ), 0(x„)), m„_iO(xi), 0(x„_i)))) = 
(j)~ 1 (m n (<j)(xi), </>(x„))) = m^(xi, x n ), which implies that 

For Type 2: Suppose that (m„_i, m„) 6 T 2 . 

m*(xi, ...,a; n _i,m^_ 1 (a;i, ...,x„_i)) = 

m%(xi, ...,x„_i,(/) _:l (to„_i((?!)(xi), <^(x„_i)))) = 

_1 (m„((/)(xi), 0(a; n _i), m„-i(^(n), </>(x„_i))) = 

_1 (to„_i(0(xi), ...,0(x„_i))) = m*_ 1 (a;i, ...,x„_i), which implies that 

m£) eT 2 

For Type 3: Suppose that (m n _i,m n ) £ T3. 
m t-i( m t (xi,x 1 ,x 2 , ...,a; n _i) , ...,m£ (xi,x 2 , ...,%-i,i„-i)) = 
0~ (m n _i((/>(m^ (xi,xi,x 2 , ...,x„-i)), 0(m^ (xi,x 2 , x„_i, x„_i))) = 
_1 (™„-i(m„((/)(xi), 0(xi), 0(x„_i)), ...,m„(<^(xi), <f>(x n -i), <j>(x n -i)))) 
= _1 (m„_i(0(xi),...,(/)(x„_i))) = mf l _ 1 (xi,x 2 , ...,x„_i), which implies 
that (mi^mt) G T 3 
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°k 

Now it is trivial that the arithmetic mean A n (a\, ...,a n ) = — is type k 

n — l 

invariant with respect to the arithmetic mean A n —\{ai, ...,a n -i) = fc ^j_ 1 , k = 
1,2, 3. Thus by Lemma [TJ we have ■ 

Theorem 1 If m n (xi, x n ) = h^ 1 K x k)^j and m n -i{xt, x n -\) = 

( n-l \ 

h —j h(xk) ), where h(x) is continuous and monotone, on (0, oo), then 

\ n k=i J 
m n is type k invariant with respect to m„_i, k = 1,2, 3. 

Our next result is the converse of Theorem [1] for type 1 invariance among 
the class of weighted quasi arithmetic means for the same w and h. 



Theorem 2 Suppose that n > 3 and that m n (xi, x n ) = h 1 



is type 1 invariant with respect to m n —i(xi, x n -\) = h 



I w(x k )h{x k 



W ( X k) 

\ k = l 

i-l 

Yl w(x k )h(x k ) 

5=1 

ll-l 

Y. w(x k ) 

k = l 



where w(x) is continuous and positive, and h(x) is continuous and monotone, 
on (0, oo). Then m n and m„_i are each quasi-arithmetic means. 

Proof. By Lemma [TJ we may assume that h(x) = x. Then (|2.ip . (|2.3p . and 
(|2.4I) of Proposition Q] become 

%Hz W ) = ^¥ = (2-9) 



d^ ix ln] } = ^l 3nW^-6K) 3 (2 . 10) 

d 3 mn-l ( X M\ n-2 3(n-l)ww" —6(w') 2 

dxf V ' (n—l) 3 vP 



and 



fl^gw [nh = 2(3-n)K) 2 ~nW (2 n) 

Substitute (|2~9| . pTTOj) . and (|2~TT|) into f[2~6|) of Proposition [2] to obtain 

n(n 3 — 3n 2 +3n—3) n—l 3nww" —6(w') 2 3n 2(3— n)(w') 2 — nww" -i r>\ 

(n-1) 4 S3 5? (n-1) 3 n^ l / - iZ J 

J n-2 3(n-l)iW'-6(ti/) 2 



3n 3 (n-2) / n-1 2m/ A _ n-2 
(n-1) 5 \~^~ w ) (n-l) a 



Subtracting the right hand side of (|2.12[) and some simplification yields 

3 — 2n(w' (x)) 2 +nw(x)w" (x)-\-4(w' (x)) 2 — 2w(x)w" (x) 
n (n—l) 3 w 2 (x) 



, 3 2n " — = 0, which implies that 
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(n - 2)w(x)w"(x) + (4-2n)(w'(x)) 2 = w(x)w" (x)-2(w' (x)) 2 = since 
n >2. If w(x) is constant on (0,oo), then m n and m„_i are quasi-arithmetic 
means. Assuming then that w(x) is not constant on (0,oo), we have = 

£\og\w'(x)\ =2&]og\w(x)\ =* logK(x)| = log (l^C^I 2 ) +C 1 => 

w'(x) — C (w(x)) 2 for some constant C. Solving for w yields w(x) = — C ^ +D , 
where D is a constant, which implies that w(x) = where a and b are 

n-l 

constants. Then m„(xi, x n ) = and m„_i(xi, x„_i) = — . 

fc=i 

1 1 / ™ 

Let g(x) = — — => ff _1 (x) = -b+ - and g' 1 - £ 3(«fe^ 
a; -+- o a; \ 

n n 

1 1 n l 

n 

, a fe +6 

-= = m n (xi,...,x n ). Similarly, ra„_i(xi, x n -i) = 

T - L - 

f-< a k +b 
k=l 

g~ x ( 9( a k) ) , which implies that m n and m„_i are quasi-arithmetic 

V fe=i / 
means. ■ 

Unlike the previous theorem, the following theorem shows that any two 
weighted quasi arithmetic means for the same w and h are type 2 invariant. 

^2 w(x k )h(x k ) 

Theorem 3 m„(xi, ...,i n ) = hr 1 | | is type 2 invariant with re- 

w ( x k) 

k=i 

22 w(x k )h(x k ) \ 

sped to m n _i(xi, x„_i) = h^ 1 | k=1 n _ 1 for any fixed h,w, where 

£ w(x k ) I 

k = l / 

w(x) is continuous and positive, and h(x) is continuous and monotone, on 
(0,oo) . 

Proof. m n (xi,...,x n -i,m n -i(xi,...,x n -i)) =m n -i(xi,...,x n -i) 
h(m n (xi, ...,x„_i,to„_i(xi, ...,x n -i))) = /i(m„_i(xi, ...,x„_i)) 

71-1 

]T u;(xfe)/i(xi e )+u)(m n _i(xi,...,x n _i))/i(m n _i(xi,...,x n _i)) 
fc=i _ 



J2 w(x k )+w(m n -i(xi,...,x n -i)) 
k=i 
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n _j E w(x k )h(x k ) 
„_! E w(z fc )ft(z fc )+M;(m ra _i(x 1 ,...,z n _ 1 )) ~ ra _ t 

x; w(x fc )h(x fc ) fe=1 e iu(x fc ) 

fc=i . ; , fc^i 



E ««0<!*) E w(xfc)+«)(m„-i(xi,...,x„_i)) 

fe=i fc=i 

n—1 

E w{x h )h{x k ) n-l n-l 

k=l 



w{x k ) w{x k )h(x k )+ 

E tu(xfc) fe=l fc=l 

fc=l 

n-l 

«)(m B _i(3;i,...,i„-i)) J] w(x k )h(x k ) = 

k=l 

n—1 n—1 n—1 

J2 w(x k ) J2 w{x k )h(x k ) + w{m n -i{xi, ...,x n -x)) J2 w{x k )h(x k ) ■ 
fc=i fe=i fc=i 

Our next result is the converse of Theorem [1] for type 3 invariance among 
the class of weighted quasi arithmetic means for the same w and h. 



Theorem 4 Suppose thatn > 4 and that m n (xi, x n ) — h 1 



\ 



X w(x k )h(x k ) 
fc=l 

W ( X *) 



E w(x k )h(x k ) 

is type 3 invariant with respect to m n -i(xi, x n -i) = h 1 ' ~ 



i i 

: w{x k ) I 
i / 



E 

k =\ 

where w(x) is continuous and positive, and h(x) is continuous and monotone, 
on (0, oo ) . Then m n and m n -\ are each quasi-arithmetic means. 

Proof. As in the proof of Theorem [2 we may assume that h(x) — x. By (|2.ip 
and (12.41) we have 



d"m„ 



k( x [ n ]) — 2(4-n) (w') 2 -(n-l)iw" /n 
» V / in — 1) 3 uj 2 V • / 



dx'fdx 2 ' (n-l) 

3 2 m„-i / [n]\ _ n-2 2iu' 
dx\ y X I ~ (n-l) 2 w ■ 

Substitute (JZH), ([2~10|) . ([27TT]) . and ([2~T3| into fl2J{) of Proposition H to 
obtain 

1 Znww" — 6(lt/) 2 . 6 2(3 — n)(w') 2 — nww" . 
n 2 ( w ) 2 n — 1 n 3 w 2 

(4-n 3 )(n-2) 3(n-l)iw -6(u>') 2 /„ 14^ 

n 3 (n— l) 3 ^ ' ' 



3(n-2) 2(4-n)(tt/) 2 -(n-l)tW 12(n-3)(n-2) ( w_\ 
n 3 " (n— l) 3 ui 2 n 3 (n— l) 2 \ w J 



2 

= 0. 



Some simplification of (|2.14[) yields 

_ 3 -2 (lU 2 n 2 +n 2 ^^"-5nW' + 10»(^') 2 +6W'-12K) 2 = g which j u tfa t 
n 3 (n — 1) 2 m> 2 ' * 

(n 2 -5n+6)w(x)w" (x)~2(n 2 -5n+6)(w' (x)) 2 = => w(a;)w"(a;)-2(u;'(x)) 2 = 
if n > 3. The rest of the proof proceeds exactly as in the proof of Theorem [2j 
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Remark 5 It is likely that Theorem ^ holds for n = 3 as well, but our method 
of proof becomes quite cumbersome in that case since one would have to look 

2 I 2 

at partial derivatives of order 4. For example, if rni(x\, x^) — ^ + ^ 2 and 
ma(si,z 2 ,Z3) = SrSJ then ^zf 1 ^) = %K* W ) f^k = 1,2, 
and 3, but not k = 4. For n > 4, one or% /ias 1 = ^Ha: w ) 

for k = 1 and 2 and /or any weighted quasi-arithmetic means as in Theorem [^J 
Indeed, that is why our proof above of Theorem^ works for n > 4. 

Remark 6 It should be noted that equating second order partial derivatives in 
the proofs of Theorems^ or^4\ does not yield any information. 

3 Appendix 

Proposition [3] is not used to prove any other results in this paper and we omit 
the proof. Before proving Propositions [2] and |U we need the following result 
about symmetric functions, which we state without proof. For x > 0, we let 
2>] = (x,...,x) G 

Lemma 2 Let E C R n be an open region and let f : E — > 5ft be an n times 
differentiate, symmetric function. Assume that D = {(x±, ...,x n ) £ E : x\ = 

r 

■■■ = x n } is nonempty. Let i\,...,i r be non-negative integers with ^ ij = v, 

i=l 

and let {ik lt •■■,ik r } be any permutation of ...,i r }. Then - { ® ^ — r (x^) — 

—qr-^r( x[n] ) f° r an v x>0 - 

dx-^ 1 ■ --dx n r 

Now we need the following result about symmetric means. 

Theorem 7 Let m be a three times differentiate, symmetric mean in n vari- 
ables, n > 3. Then for any x > 0, 
(i) |2L(a;N) = I 



(») ofl^-(^ W ) = -^ilf for * + J 



(Hi) » (z W ) = - / ,w ^ ^rHz [ " ] ) - (s [nl ) V i,i,Jfe 

> ' 011012013 v ' (n— l)(n— 2) ctej \ / n-2 oiiOij y ' J ' •" 

distinct 

Proof. Take — of both sides of the identity m(x^) = x. That gives 
dx 

n 

E^ w ) = i. (3-i) 

k=l 

(i) then follows from Lemma [2] Taking — of both sides of (|3.ip and using 

da; 

Clairaut's Theorem gives 
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n 2 n 2 

E alr^r(^ M ) + •••+ E = O, which implies that 

fe=i fc=i 

E ^ [n] )+n(n-l)^- 2 (x^)=0. (3.2) 
fe=i 1 

by Lemma [2j (ii) then follows from Lemma [2] Taking — of both sides of (|3.2p 

da; 

and using Clairaut's Theorem gives a x ^^dx ( x ^) + 

(--1) E ssfer(^ [n] )=0, which implies that f^N) + ^ (:E N) + 
E afe(^ N )+ 

1 2 fe=3 

LemmalUagain yields ^f(x [n] ) + 3(n - l) a f^ 2 (z W ) + 

(n — l)(n - 2) gxi d Q™ gx3 (ffM) = 0, which in turns gives (iii). ■ 

Remark 8 Versions of Lemma\^and Theorem^were given in \T$ for n = 2,3. 

Proof of Proposition [2] 

Proof. Let x = (x\, x n ). We find it convenient to use the following notation. 
^*7^i x — (^i ' "*' i ' ^i+1 ? • ■ • ) "^n ) 

A = (m„_i(7T^i!E) ) m n _i(7r^2^), Wn-lM))' 

The notation 7r^jo; was introduced in [2]. By Definition [T] 

m n (m n -i(ir^ix) , m n _i{-K ^x) , n^n-i^^ni)) = m n (x) for all x £ 5i" and 

m n (4) = m„(f). (3.3) 

Since TO„_i(o;[ rl_1 l) = x, for Xi = ■ ■ ■ = x n — x, we have A = x^ n K For any 
function of n variables, g [x\, ...,x n ), 

ofr (9(A)) = E ^(A) dm %t^ ] = E ^(A) dm ^t 1&) - (3-4) 
Thus, letting g = m n in flU, we have ^ (m„(A)) = £ 

3=1 J 

which implies that 

air (m n (^)) = E ^(^ ^"air 7 ^ - ( 3 - 5 ) 

3=1 
3#fe 

Note that ^p 2 - (A) means evaluated at A, which is not the same as 
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(m n (A)) = ^m n (m n -i(x2, ...,x n ), ...,m n -i(xi, ...,x n -i)). 

dm n ;„ „,„l,„™ _9_ f 9m„ _ 9 2 m„ ( ^ dm n -i(iT^ix) 

dx k 



Letting ff = in JOJ, we have ^ ^(A) j = £ 



9^m„ 
dxidxj 



(A) 



dx k 



Letting k — 1 yields 



a / dm n ( A\ \ — d 2 m n sa\ dm n -i(7r^jx) 

dxi \ dxj \ / y ^-^ dxidxj V / ^a;i 
x 7 2—2 



(3.6) 



using en & en, £ ( m n (A))) = ^ e ^w 8 "^;^ = 

E i^T ^o^r' + ^tl^ lk (^(A))), which implies that 



air(™«(^))= (3-7) 

El 3m„ / /l 'i d 2 m rl - 1 (ir^ j x) . 9ro„_i(7iyjj;) -A 9 2 ro„ i a \ dm n ~x (ft^ix) 
\ dxj \ ' dxidxj dxk ^—^ dxidxj ^ ' dx\ 

j=l \ i=2 



Let k = 1 in (|3.7[) to obtain 



!)x 



■ (m n (A)) = 



(3.8) 



\ dxj ^ ' <9ie^ &ci dxidxj^ ' dx± 

j—2 \ i=2 



and ^ (m n (4)) = (m n (x)) 



imply that 



El 3m„ I a\ d 2 m n ^ 1 (TT^ j x) 9m„_ i (-ny^) .A 3 2 m„ / 4 \ 9^-1 ] _ 9 2 7nn /a'i 

I 9a:, v I 9a;? 9;ri dxidxj ' dx\ ] dxi v 

j=2 \ J 1 i=2 J / 1 

(3.9) 

Now let x\ = ■ ■ ■ = x n = x in (13. 9p : 

E (^(^" 1 )^(- [ "- 1] )+^r i (^"- 11 ) E £ft-^ n] ) a -^r^ [n - 1] )) 

j=2 J l i=2 J 

= *r (« [nI ) =► 

E (^%fM* [ "- 1] ) + E fe-(^) + ^%(* w )) = (3.io) 



9 2 m 



^ (>]) 



smce -asH* 1 



= x n — x and j > 2, then 



11 ) = S=T> ^r( xW ) = \ b y Theorem [Hi). Note that if an = 



7Tl rl — l(7r^ z jX) 

dx 



Xl = 



= _Wi (a .[„- l])fcr 
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k = 1,2, 3. It also follows from Lemma [5] that = and J^-^ 1 ™ 1 ) = 

^^(a: [nI ) for any j > 2. Thus (j3~T0| becomes 

n Oa:^ v ' n — 1 oxidx 2 v ' 

(* w ) = w ) > 

which implies that n ~* (s'" -11 ) = j^z^%f which in turn S ives 

(|2.5I) . Now we derive an expression involving third order partials. Letting 

9 = £m- in m yiews £- k (fe-(A)) = i^^(A f m ^\ 

l^k 

which implies that 

a ( p^(A)) = f „ d l m ^ (A) " 1 "-^* 1 ® . (3.11) 

aa:/; \oxiOXj \ ' / oxiOXjOXi \ / aa^ v / 

Using dSH), 

^(^(m„(A))) = 

3 / 3m„ / 9 2 mTi-l(7r^ja) 3m n -i(7r^jg) y\ d 2 ro„ f J\ 3™,!-! (n^jx) \ _ 

dx± * Or, ^ / dx\ ^ dxidxi ^ ' dx\ ' 

j=2 01 i=2 3 



n 

Y ( a ( dn^ ^m l{ .^x) 
J=2 

Q , dm n -i(TT^jx) -A d 2 m„. / a\ dm n -i{-K^jx) \ \ _ 

dx± <9;ci dxidxj ^ ' <5a;i 

i—2 

n 

y ( 3^ (i) a 3 m .^i) aWiO^*) a (^M))+ 

/ ; v OKj v / dxf ox\ 9xi ^ oij ^ >' 

3m„_ 1 (7r^ j a) A , g 2 m„ f /IN d 2 m n -x{^ ^jx) dm rl _ 1 (n^ i x) Q , d 2 m„ l j\xv\ 
dxi £~^Vdxidxj{ > dx'f dx\ dxi^dxidxj^ >>> 

a 2 m„_i(7r^-, x) 2 m„ / /i \ din,i-i (Tiyjz) \ 

da; 2 dxidxj ^ ' da;i ' ' 

1 i=1 



a- 

Hence 



n 

§ K(4)) = £ (^(A) 93 "'"-^^) + 32m "4^' a) g | r (^(A)) + 

E l f drn n _ 1 (ir^ j x) I d 2 m n r a \ 2 m„-i (tt^ a) dm„„i (tt^ a;) a / g 2 ro„ / 4^ i 
V <9a?i I dxidxj ^ ' c?a; 2 <9a?i <9a;i ^dxidxj J 

(3.1 

dx'f dxidxj^ > dx\ ''' 
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Consider first the first line of ([3TT2]) . By ([3~B1) . 

A (dn^ ^m ,{^x) 3 2 m x^x) _g_ (^M))) = 
^— ^ y oxj v ' dxf dxf axi \ dxj * //y 

-2 ^ ^ 2^ axi ax,- IAI ail ^'^J 

Let xi = • • • = i„ = x in p. 131) : 

n 

E(^r(- [ " 1 )^r i (- [ "" 1 )+ 

1 1=2 

3=1 \ 1 1 1=2 3 / 

since ^fMxI"- 1 !) = t^,^^ 1 " 1 ) = £ by Theorem [7£i) . Breaking up 
the summation over i yields 

n 

1 1=2 3 1 J 

ByLemmaEJ = |^( s H)f or ^ jan d^( K H) = ^(.H), 

which gives 

^^f 1 ^ 11 ) + (» - 2)%fM^- 1] )fe(* W ) + (3-14) 

for the first line of p,12|) with x\ = ■ ■ ■ = x n = x. For the second and third 
lines of (|3~T2]h by ([3~TT]) . we have 



n n 2 

E/ 3T»„_ 1 (7r^ J x) g 2 ro„ f 9 mrt-l^^i^) I 

dxidxj^ ' dxf 

3=2 i=2 

£ ( 8m "-i(^*> f; a»™~ (A) am "- W l( ^' a) + (3.15) 

dx-j 1 ~ dxidxj^ ' dxi ff* 
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Let X\ = ■ ■ ■ = x n = x in (|3.15[) : 

TT^E ( E (fe^" 1 )^ 1 ^ 11 ) + (^TF E sffe^H (3-16) 
i ^=i(a;[«-i]) sSW^W))) 

which represents the second and third lines of (13. 12ft with 

Consider first the first line of (I3.16[) . without the factor. We break up the 

summation over i as follows: 

n n n 

Y I V(|!^( ;c H)^ i ( ;c [«-l]) + 1 J2 d 3 m (x^))) = 

/ y \ t—i^dxidxj V ' Oa;J V y OXiOXjdxi \ 

^ 2 I — 2 / — 2 

y (V/^LfeNj^dn-l]) + 1L £ a» m ( X N)) + 

/ ■ > \ ' \ oxidxj \ > dxf V / (n — l) 2 ^ dxidxjdxi V // 

7=2 ^ 2 Z=2 

J Z=2 J 

Now break up dxdx^dx into three summations, onewith^ — i,l =/= j, 

1=2 1 1 1 

n 3 

I i,l — j , and ^ ^ i, i 7^ j, and break up ,f into two summations, 

1=2 j 1 

one with I = j and one with I ^ j, which yields 

n 

E(E(fe-(- [nl )%f i (- [n - 11 )) + 

(n-1) 2 ctei3^ ^ X / ^ (™-l) 2 da^aajj ^ X ' ^ (n-1) 2 ^ dx i dx j dx l ^ X 

3 1 — 1 

Lemma 1 implies that £f§£x(x [n] ) = £§^(x [n] ) = ^§^(x [n] ), which 
gives 

n n 

/ ■ > v ox\OX2 v ' 9iJ v ' (n — 1) dxfdx2 v y 

7=2 'i; 2 



1 a 3 m„ (~[n] \ _j_ n-3 3 m„ f-[n]^ i 
(n-1) 2 9ipi^ ^ J ^ (n-1) 2 dx 1 ax 2 dx3 \ X 
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n 



(zN))+ 



2 8 J m» ( \n] \ , rt-3 

(ri-1) 2 a^dx 2 v x ^ (n-1) 2 9a: 1 S^ftcs 



C r L' 



(n — l) 2 Sa-J 



= (n - l)(n - 2) x (^(^(iM) + 
? /«". (^ [ " ] ) + r4r4^ (x W )) + 

(n— l) 2 OxicteJ v ' (n — l) 2 cteida^OTs v 

(n - 1) x 

(^ w )^(* [ "- i] ) + j^kift-M n] ) + i^^(- N )) • 

Now multiply thru by and distribute the n— 2 to obtain the first line of 
(f3TT6]> with the ^ factor: 

( 7 B y fa fc fa , ('"") + ^(* [n] )^(* [n - i] )+ ( 3 - i? ) 

(n-1) 2 /' 

For the second line of (|3.16[) with the —^t factor, we break up the summation 
over i as follows: 

^(« M )D £ £ft-M n] ) + %H* N ))) = 

,=2 ^ 2 
n 

using Lemma [21 which gives 
(n - ^(.Mj^W) + (3.18) 
Add (|3~TH) and (|3~T8)) to obtain 



(2- - 4)fe(* W )^(« t "- 11 ) + g^fe(- W )+ (3-19) 
( "7 2)( r^ 3) w ^ (* [n] ) + 2^(a;["])^^i(x["- 1 ]) + ' ^(xW). 

(n— 1) dxida:20a;3 V / Oaf v > dxf v ' (n — l) 2 dx\ \ ' 



15 



(pTTgi) equals (jXTBll with Now add (j3"Tl)) and ([3~ll?|) . which 

yields (j3. 12[) with x\ = ■ ■ ■ = x n = x: 

(3" - 6) J^N)^^]) + 

^r 1 ^ ^ 1 ) + 3^(xW)^=i(x[-i]) + (3.20) 

Substitute into & using = -^^(^) and gJj^fc- (*[«]) = 

- ( n-iKn-2) a a^ (^ [nl ) " ^2fe(^ W ) fro ™ heorem [3 That yields 

3n-6 3 2 m„ / 3 2 m„ i /tn-lh , 3(n-2) a 3 ro„ / \n]\ , 

n-i ""a^ -1 ^ J a^ 2 ^ X / + (™-i) 2 dxidxi, y x > + 

(n-2)(n-3) / 1 a 3 m„ / [nh 3 d 3 m n (Jn}\\ , 

(n-1) 2 \ (n-l)(n-2) "d^f - ^ - 1 n-2 ai7ai|V x ^ 

Thus 

fiWA)) - n^^(« W )^(^- 1] ) + (W -V (» W ) + 

( n -l) a ^r^ J + n az a ^ /• 

^ (m„(A)) = |U„(x) => ^ (m„(i)) (,[»]) = grmni&XxW) => 

^%(- W )^ i (- [ - 11 ) + (^fe(- W )- (3-21) 

a 2 

One can also use (|2.5[) to substitute for — g^T 1 (xl" -1 !) in (|3.21j) . That gives 
(EH)- ■ 

Proof of Proposition [U 

Proof. Let x = (x%, x n -x) E 5ft™ -1 . We find it convenient to use the following 
notation: 



7T—jX — (xi , . . . , Xj — i , Xj , Xj , Xj + 1 , . . . , X n — 1 ) E 5ft^ , 

A = (m n (ir =1 x), ...,m„(7r =n _ix)) £ 5ft™ _1 . 

Thus m„ is type 5 invariant with respect to m n _i if 

m n _ 1 (4)=m n _i(i). (3.22) 

For xi = • • • = = x, we have A = x^ n ~^ = (x, ...,x) S 5R™ _1 . For any 

function of n — 1 variables, 5 (xi, ...,x n _i), g~ (5(A)) 



Id 



&g(m n (w =1 x),...,m n (^ 1 x))*&( 9 (A))= £ ^(A)^£f*_2, 

3=1 

which implies that 



sir = E^^^sr 5 ' 

3=1 



Thus, letting g = m n _i in (|3.23p . we have 



(3.23) 



3 | r (m n _ 1 (A))=E^f i (^)^r 

3=1 



(3.24) 



Take ^ of both sides of (£22): ^-(m„_i(A)) = s f 7 (m„_ 1 (x)) 



<9a: i 



dxi 



3 = 1 



(3.25) 



Letting g 
we have 



dxj 



in p. 231) and replacing the index of summation, j, by i, 



dxi y dxj >> 'y ^— ^ oxjdxi \ / 



<9m„. (7r = i£) 
9a; i 



(3.26) 



Taking £ of both sides of Q gives ^ £ ^(^)^5T 



("•=j a ) 



mn-i 



5 a: 



3 = 1 



l 9 m„(7T = jg) dm n (TT =j x) Q 



dx\ dx 



5 m^-i 
dxj 



(x), which by f|3 . 26[) gives 



E 

3 = 1 



dm n -i / a\ d 2 m n (TT=jx) . dm n (7r = jx) sr^ d 2 m n -i / a \ dm n (n=ix) 
dxj dx^l 1 dx~! ^ dxjdxi W dxi 



dx i 
d 2 m 



n-1 

E 



(3.27) 



Before going further, we need a formula for - "g^I ^ on the diagonal. 
First, it follows immediately that, for k — 1,2, 3 



d h m n (-n = jx) 
dx 1 ! 



xi — ---—x n — i—x 



d k m n 



xi—---—x n —x 



*$L( x W),j>2. (3.28) 



Also, 



which implies that 



9a:i 



(3.29) 
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q x 2 (jfln (p^: x : x 2 j x n— 1 ) — q x 2 (x, X, x 2 ; •••) x n— 1 ) 
d Xl dx 2 ( X 7 X 7 X 2, x n-l) + 
dx 2 dx 1 (2-1 3^) 2-2) x n— l) H gj.^™ (x, X, X2, •••) X n — 1) • 

Thus -§^{m n (x,X,X2,...,X ra _l)) = ^^ L (x,X,X2,.-,X n -l) + 
2 dx^dx 2 {x,x,x 2 ,...,x n -i) + (x,x,x 2 , -,Xn_i). Letting Xi : 

X„_! = x yields 2^(sW) + 2 (-^-^^(xl" 1 )) , which implies that 



d rrin (jr=ix) 



dx\ 



Xi — --- — X n _i—X 



2(n-2) Q 2 m n / fnh 
n — 1 9a;^ ^ /' 



(3.30) 
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r (m„ (x,x,x 2 ,...,x n _i) ) = (x,x,x 2 ,...,x n _i) + 

2 9x^2 (^'^'^^ ■•■' a; n-l) + 2 dxrf4 (a;,2 ; I 2 ; 2,---,X n _i) + 
<9a; 1 Sx 3 ^2 7 *•*) ^n— l) H da;^ — l) ' 

Letting x\ = ••• = x n -\ = x implies that 



ail 



XI—---—X 



^ = 2^(x[«])+6^(xH). (3.31) 



Rewrite (13^27)) as 



dm n — i / a\ d m n {-K = \x) . dm n (7r = ix) v - ^ m n _i / * \ Om Tl (7r = ix) . 

z— 1 

n — 1 r n— 1 

E9m n _i / j\ c* 2 m ri (7T = ji) , dm n (Tx = jx) d 2 tn n _ 1 / A\dm n (7r = ix) 

dxj ^ > dx'f dx\ ^ dxj dxi ^ > dx\ 

j=2 L i=1 



>2 m n -i ( - \ 



which implies that 



dm n — i ( a\ d 2 m n (7T = 1 x) . dm n (Tr = ix) d 2 m n _ 1 / a\ dm n {n = ix) . 
dxi dxj 1 ail dxY~ \ ' 9x~i h 

dm n (7r = ix) v-^ d 2 m n — i / a\ dm n (_7r=ix) . 

dx\ ^-^ dx\dxi \ * dxi 
■1—2 



n-l r 

£ 

3=2 



dm n -i / a\ d 2 ra n (7r = jx) . dm n (ir=jx) sr-^ d 2 m n _ i / a\ dm n (jt- 

dx+ v / c?ie 2 Oa;i ^ dx^dxi v / 9a; i 

1 z=l 



7i (7T=i^) 



-a (»■ 
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Hence 



drn n 



dxi 



l / a\ d 2 m n (TT =1 x) ( dm n (ir =1 x) \ 2 9 2 m„_ w a\ 

-y A ) dxj + { — ail — ) dx\ \ A r 

d7n n (tt = ix) d 2 m n — i / * \ dm n (7r=jx) , 

dx\ dx\dxi \ / dx± 

i—2 



n-l 



E, dm-n—i ( a \ d m n (7r = jx) . dm n (7r = jx) d m n -i ( a \ dm n (tt = ix) . 
V dxj v / dxjdxi \ ' ctei 



J'=2 



n-l 



dm n (7r = jx) yr~y d fn n -i / A\dm n (n = ix) . dm n {-K=jx) d"m ri — \ / * \ dm n {^=j x) ' 
9a; i Z_-/ 9a;j V / dx\ dx\ dx 2 * ' dx\ 



i=2 



~dxj 

which implies that 



d m n -i ( *\ 



dm n _i i A ^ 8 2 m n (-K = ix) . { dm 7l (ir =1 x) \ 3 2 m„_i / A \ 

Wi dxj h v ^ / ax? + 

c?m 71 (-7r = ix) Jr-* c^m^ — i / j \ Om n (tt = ix) . 

da;i ^— ' dxidxi ^ f dx\ 
i—2 

n-l 



i=2 



dm n (7r = jx) t-\ d m w-l / 4 \ 9m n (7r =! i) , / <9m„ (7r=j x) \ m n — l / /t\\ _ 

i=2 v * 

d 2 m n ~i i - \ 
-fl^-W' 

Now let xi = • • • = x n -i = x in (|3.32p and use (|3.28[) - p.30[) . LemmaU and 
Theorem [3 



1 2(n-2)a 2 m ( M) 4 9Wl (a; [n-l] ) + 
n— 1 n—1 dxf V / 1 v ' 



n-l 



i=2 J=2 1 J 
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Thus 

2(n-2) a 2 m , \nU , 4 ^m, 1 / [n-lh , 
(n-1) 2 ^T^ X / ^ n 2 Sx? J + 

2 ( n-2)a 2 m „- 1 ( [n-lh + / 1 ^W^M) + J^^r^ ( [n-iUN + 
0x10x2 v ' f— ' I n-1 <9:r^ v ' n J 0x20x1 \ J 



ra-1 

E 

a 

~a^ 

which implies that 



9m^ (2 ,[„-l] ); 



Hence 



-K 2 +n+2 2 m„ /-[rah 1 -ra 2 +rt+2 a 2 ro„_i r [n-l]\ 

(n-i) 2 "a^~^ x J (n-i)' J a^ - ^ ^ 

-k 2 +k+2 8 2 m„_i / [n-lh _ n 
(n-1) 2 a£c 2 aa;i ^ > U ' 

which implies that ^^ (a! M) - ^^(a^" 1 ]) + ^fe(^) = 


(^i7^(- w ) - i^^r (- [n - i] ) = => 

^(* lBl ) = ^^(*^ 1] ). (3-33) 

Letting g = ^^"g' 1 in (I3.23P and replacing the index of summation, j, by Z, 
we have 

a ( a 2 rra„_i \ _ 9 3 m„_i / n dm n (ir =t x) /„ o^-v 

Oxi y dxjdxi J J-—* dxjdxidxi V / 5a;i ' \ * / 

We now take of both sides of (|3.27[) term by term. First, 

aa;i v a^j v / a^j y azj v > axf oxi \ oxj v /y 

3^61)1 

afl {^W 92 ^xf^) = ^(^)^#^+ (3-35) 

dxjdxi ^ ' dxi 

2=1 



dx\ \ 6 

(by d32i) 
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d 2 m n —i . 



Letting g - -^-^ 
we have 



in (|3.23[) and replacing the index of summation, j, by I, 



_d 

d.c 



( 9 2m ^-i (A\) _ v d 3m "-i (AY 
i ^ dxjdxi V^V ) ~ L-< dxjdxidxi V 1 ) 



i(t=i£) 



(3.36) 



Second, 



2^ dx.dxi 



dxx I 

dm n (TZ = jx) Q 
dxi dxi 



dx± 



n-l 



dxjdxi \ ' dxi 



~~dxj 



i=l 
n-l 

E 

i=l 



(7T=jx) ^ d m n — i ( a\ dm n {-K =i x) 



which in turn equals 

n-l 

f dm 

dxi 



^ drn n (7T=jx) 



i=l 



d m-n—i ( a \ d m n (n = ix) . dm n (7r = ix) / d m n — i ( a \\ 
dxjdxi ^ / dx'i dx\ dx\ ^ dxjdxi ^ 



2 m rt (7r =: ,-i) d 2 m n -i / a\ dm n (7?=ix) ^ 
~~ 0aj^ dxjdxi \ / 9a; 1 ' 



Hence, by (|3.36p , we have 

( 



j dm n (-K=jx) 7 \-~^ d 2 m n -i / a\ dm n (7r =i x) 



Bx\ 



dx\ 



1 = 1 



0m™ (7r=jx) \ A / d 2 m n — i t a\ d 2 m n (-K = ix) 
ci / v ^ dxjdxi ^ * a; 2 



0a; 1 



0a; 1 
n-l 

E 

1=1 



dxi dxjdxidxi ^ ' 0a;i 



(3.37) 



2 m rt (7r =: ,-i) 9 2 m,j-i / ^\ dm n {7: = ix) \ 



Thus, adding (|3.35[) and (13.371) and taking of both sides of (|3.27[) , we have 



n-l 



3=1 

n— 1 



0a; j 0Xi 

-(^4) 



~0^~ 



0'm^ (7T = iX) 

0a; 1 



0m re (7T =; /^) 
0a;i 



m n —ifA\d rn n {ir = ix) . 0mn(7r=»^) 
dxjdxi > / 0a; 2 <9a;i dxjdxidx 



d m 71 



1 = 1 



z(n = ix) 



dx 1 



(3.38) 



m T1 (7r = ji) d 2 m n -i / a\ dm n {-K = ix) 
0a; 2 dxjdxi ^ ^ 0a; 1 
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Simplifying (|3.38p a little bit yields 



V d Xj \ A ) dxj h 



3=1 



E/ d 2 m n -i / a\ ( dm n (7T = ix) . dm n (7T= jx) d 2 m n (lf=ix) . dm n (7T = ix) d 2 m n (7T = jx)\ 
^ dxjdxi ^ ' \ dxi dxi dx'f Bx\ dx'f J 

(3.39) 



(=1 



dm n (-n =jx) dm n (7T = ix) 
dxx dxi 



n-1 



Let X\ 



i=i 

x n -i = x in (|3.39|) 

n-1 



/| *\ dm n (tt = i x'j ^ ^ _ 3 m„_i /^n 
dx j dx l dx l \ A ) 6x t >> — ~ dxj W' 



3 = 1 



n-1 



£ ( wr(- w ) >< (^(^) + gafe^( a W) a "^^ (» w )+ 

(3.40) 



dm 



dm n (w=jx) ( x \n]\ 
dxi V / 



^) (a;W) a 2 m ^x) (a;W)+ 

n-1 



ctoi dxjdxidx? ^ ' ctei ^ 1 

1=1 

d 3 m n ^ x [ n -l^ 



)) 



dx\ 
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First we need to break up the summation over j on the left hand side of 

n-l 

g^ fi(a; [n-i] ) aW^x) (:cW))+ 

i=l 

gm„Q = i:r) / [ n ] n 9 2 m„ (tt ,x) I [n}\ , 0m„(7r =i a) / [ TO ] \ 8 2 ro„ (7r =1 a) / 

V / Ox 2 v / <5ki \ ' dx'j v 1 1 1' 

n— 1 n— 1 

E E (fer(- w ) >< (^£f^V n] )+ (3.4i) 

j=2 i=l 

dm n (TT =j x) , \ n U d 2 m n (ir jx) / [n]\ , gmnCgwr) / [ n ] \ d 2 m„ (Tr =j x) , \ n \ 
dxi v / dx\ v ' 3xi V ) g x j V 

r ~ i 

dm n (ir =1 x) ( [rah 
dxi \ ' 

dm n (TT =j x) / [rah 
dx ± \ X I 



^£) (a >] ))+ 

< ' ' , " Z_j dxidxidxi ^ ' dxi ^ ' 



, n-l 

■ • . << 

dx 



(^=i £ ) Jn] d 3 m n _ 1 , [ n -lU dm n (ix =l x) , JnU 

-) Xl x dxjdxidx, ^ I dx! y x > 

1=1 J 



))■ 



Second, we need to break up the summation over i into i = l,i = j, and then 
i ^ j in lines 3-8 of (|3.41|) . We also need to break up the summation over I into 
I = 1, 1 j, I i in lines 4 and 5 of (|3.41|) : 

v -» r-ivn - t F 1 1 * r)^ <m (it - < r Y*\ / X — 1 \ * ■» 



1 — If-, „ 3 , ^> 71 — 1 „ „3 , „ . 

3=2 9:11 ^ 3=2 ^ ^ 

+ 2 ^'^ ( g W) a2m ^= ia) (gW)) + 

g (rar(^ w ) x ( 8m ir'V " ] ) + ^t"^ '" 1 ) ^^" (^"')+ 

0m„j7r =i x) ^ a ,[7ti^ a 2 ™ n (^=ia) ^ x [n]^ | 

Tl-l 

E (fer(> ] ) >< (^f^(xW) + ^ ( ,W)^i (i h )+ 

3=2 

9m„^(7r = ix) ^[n] -j 9 2 m„ (tt =: ,- &) ^[ri] ^_|_ 

n E (St^(^ W ) x ( ^' (x'"') + 8ron ^* ) (» [n ]) fl ' m gg =,a) (» w )+ 

dm f x = i&) {xW f™^*) (xN))))+ (^^l£l (a; W)) 3 + 
n-l 

E(fer(- [ ^ 11 )^#^(- [ " 1 )+ 

i=2 



23 



dm 1 



(t=i£) / [n] \ dm n (7T =i x) \ n ] 3 3 m„-i (_[n-ll \ 9m„(7r=i:r) / [„] \ , 





3a: i 








]_x) 




dx i 




<9rn 









n-1 



i=2 



( a .[n-l])*2«^*l( a .W))) + 



n-1 



E, drn n {ix =] x) ( [n]\ 'yp ( dm„(n =i x) \ n ] 'yC 8 3 to„-i / \n-l]\ dm n (Tr = ix) / \ 
V dxx ^ > ^ v dxi z— ' dxjdxidxi V > dx 1 V 



7 V dx x ' 

3m„(7r = jx) / \ n ]\ 3m„(7r = ix) a; [ TI l d 3 ro„ i / n 3m„ (tt = i a) /^fnh i 

Osi ^ ' <9:ei dxjdx'f ^' ' dxi \ ' 

dm„(n =j x) / \n]\ dm n (ir =1 x) \ n ] d 3 m„_i / [n-1] \ drn rl {TT =j x) fajnl 1 ) i 
dxi ^ > dxi dx'jdxi \ ' dxi ^ ' 

dm n (ir =j x) , [„K dm n (-ir =1 x) [ n ] / 'V^ 1 8 3 m„_i / -[n-lh 3m„ (7T =i z) / \ n ] \ \ , 
dxi \ x ) dxi * I dxjdxidxi ^ > dx x v / j ' 

Vfpf 





<9a;i 


dm 






9a; i 









2 n-1 



n-1 



E/ dm n (n =j x) , \ n \\ dm n (Tr =i x) \ n ] d m„_! / [„-l] s 9m„ [tt=ix) / [ n ]\ , 
^ c?a;i ^ ' dx\ dx jdxidx\ ^ ' dx\ ^ ' 



i=2 



dm 




j J:) 




(9 a; i 




dm 




jX ) 




9a; i 




dm 




.7*) 


dxi 



i=2 



=3 a ) fafnh dmnC^is) [raj d m„-i / [„-!] dm n (ir =j x) t \n]\ i 
l ^ ' dxi dx 2 dxi ^ ^ ctoi ^ ' 



n-1 



3 m„. 



^[n-l])^!^^]))). 



9a; 7 -9xiOa;/ 

1—1 

Now substitute and simplify using (|3.28[1 - (|3.30[1 . Lemma [2] and Theorem [7] 

n-1 



X%f(- W )+^(- W ) (I + I (^)) ) + 

^ [ dx\dx2 v y n n c?2:^ V / n n — 1 J 



i=2 
n-1 



/ v I OX2UX1 ^ ' \ n n n—1 n ox^ v / 



i=2 



2=2 
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2 ( aWi^In-l])! "^aWi U[n-lUl 
n I dxf v ' n ^— ' dxfdx 2 y ' n 



n-1 

2 



i=2 

V „ 8 ""- 1 (a;["-i])-)) + 

^ 0x10x20x3 V 'n'' 
n-1 



n-1 



/ ■ > ^n 2 I Oxfdx 2 y ' n dx^Oxi y > n 1—1 dx 3 Ox 1 dx 2 y ' n J 

^( I KiI)3 + _!!-l( I MI)i + V «^_i(a;[n-i])i 

2 1 i=2 1 

£ ( 3 ;[n-l])l + fl-^( a; ["-l])l + 

n z K 0x20x30x1 ' n oxiox- v 'n 

i=2 - 1 

„<> n— 1 „o 

9a; 2 aa;2 ^ ^ 8x18x28x3 \ x )n))~ 

A bit more simplification then yields 

3 ( n 2 + 6) a 3 t / [n-iK (n-3)(n-2)(n+2) gfg^-i fa[n-lh i (3 42 \ 

rr 5 dx'fdx2 ^ ' dx\dxidx-$ ^ ' V ' / 

2s S^^(» In] )^= i (* [B " 1] )+ 

2(n-2)(n 2 -3) d 2 m / [n] \ a 2 m n _i fafn-lh = ^Wi fa. [n-1] \ 

Now substitute in (15^21 using ^g^ 1 = 0c [ "~ 1] ) from 

Theorem That gives (|2T8|) . ■ 

Proof of Proposition [T] 

Proof. Let x = (x ly x n ) ,W n {x) = w(x k ),v k {x) = n w(Xk) = 

k=l J2 w ( x h) 

k = l 

n ^2 h(x k )w(x k ) 

and Q(x) — v k(x)h(xk) = . We shall derive formulas for the 

fe=l ^2 w ( x k) 

k=l 

partial derivatives of Vj and for Q, and finally for m(x) = ft- -1 (Q(x)) itself. The 
proofs are a standard application of the product and quotient rules. 
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First Order 

dvi(x) W n (x)w'(xi)— w{xi)w' (x-i) if \ Wn (x)-w(xi) o • • 

-d^T = \wU*)Y 2 = (wl{x)Y ■ Summarizing, we 
have 

dvi(x) _ u \ W n (x)-w(x!) 

dx! - W y Xl > (W n (x)Y 

dvi (x) w(xi)m'(x 2 ) /o ao\ 

9x2 (W n (x))' 2 ' ' 

d«fc(£) ro(x t )TO'(xi) i > r, 

0*1 (W„(S)) 2 - Z ' 



Second Order 



= ((^„(x)) 2 x(^„(x) W "(x 1 )+K(x 1 )) 2 - W (x 1 ) W ;"(x 1 )-K(x 1 )) 2 )- 



(^(i)w'(xi) - W (x 1 ) W '(x 1 ))2W„(x) U ;'(x 1 ))/ (W„(x)) 4 



= ((iy„(i))^"( I1 )-^(i)H I1 K(i 1 )+ 

2( W '(z 1 )) 2 ) + 2 W ( 2 ; 1 )K(a ;i )) 2 )/ (W„(£)) 3 . (3.44) 
-w(x k )- 



dx{ ~ ~ w ^k) (W n (x)) 1 

/ x W n (x)w"(x 1 )-2(w'(x 1 )) 2 

w \ Xk > (w n (x)f 
^1 = - w ( Xk ) x((W n (x)) 2 w"(x 1 )- 

2W 1 n {x){w'{x 1 )f)/ {W n {x)f ^ 



d -^f = w{x k )x (3.45) 
(2(w'( Xl )) 2 - W n {x)w"{ Xl ))/ {W n {x)f ,k>2. 

^M = (( Wn (x)) 2 w'(x 2 )w'(x 1 )- 

(W n (x)w'( Xl ) - w{x 1 )w'{x 1 ))2W n {x)w'{x 2 ))/ (W n (x)) 4 => 

S§ = ^iXM -^y - (3-46) 

2(W n (x)«/(a; 2 ) - ^jKIuJJu/^))/ (^„(x)) 3 =► 

= w'( Xl W(x 2 ) ^^ . (3.47) 

9 2- "fc(^) _ 2i»(i t )ro / (ii)i»'(ii) fc > 3 (3 48) 

dxidx 2 (W n (x)) 3 ' — V • / 

Third Order 

= ( Wn (x)f x 

( (W n (x) f w'"( Xl ) + 2W n (x)w'(x 1 )w"(x 1 )- 
W n {x){w{x l )w'"{x l ) + w'(x 1 )w"(x 1 ) + 
4w'(x 1 )w"(x 1 )) ~ w'(x 1 )(w(x 1 )w"(x 1 ) + 2(w'(xi)) 2 )+ 
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4w(x 1 )w'(x 1 )w"(x 1 ) + 2(w'(x 1 )) 3 )/ (W n (x)f - 
( (W n (x)f w"(x 1 ) - W n (x)(w(x 1 )w"(x 1 )+ 

2{w'{ Xl )f) + 2w{x l ){w'{x l )f) x 3 (W n (x)f w'{ Xl )/ (W n (x)f = 
W n {x)x 

( (W n (x) f w"'( Xl ) + 2W n (x)w'(x 1 )w"(x 1 )- 

W n (x)(w(x 1 )w"'(x 1 ) + w'(x 1 )w"(x 1 )+ 

4:w'(x 1 )w"(x 1 )) - w'{x 1 )(w(x 1 )w"(x 1 ) + 2(w'( Xl )) 2 )+ 

4w(x 1 )w'(x 1 )w"(x 1 ) + 2{w'( Xl )f)/ {W n (x)f - 

( (W n (x) f w"( Xl ) - W n (x)(w(x 1 )w"(x 1 )+ 

2(w'(x 1 ) f) + 2w{x l )(w'{x l )Y) x 3w'(x 1 )/ (W n (x)) 4 =► 

= (VK„(x)) 3 - (6«/(xiK(xi) + w(xiK'(xi)) (^n(x)) 2 + 

6(w(x 1 )w'(x 1 )w"(x 1 ) + (w'{xi)) 3 )W n (x) - 6w( Xl )(w'( Xl )f)/ 
(W n {x))\ (3.49) 

%P = W (x fe ) x ( (W n (x) ) 3 x (W ( Xl )w" (an ) -W„ (x) «/" (a* ) - «/(xi K'^))- 

( [2K(X!)) 2 - W n (i)«/'(x!)] 3 (^„(x)) 2 «/(a;i)))/ (^„(x)) 6 = 
w(x fc ) x (W„(x) x (4w'(x 1 )w"(x 1 ) - W n (x)w"'( Xl ) - w'( Xl )w"( Xl ))- 
3( [2K(xx)) 2 - W^j&X'On)] «/(*!)))/ (W n (ie)) 4 

= w ( Xk j x ( _ 6( y ( Xl ))3 + 6W„(x)u/(xi)u/'(xi) (3.50) 



-(W n {x)fw'"(x 1 ))/(W n {x))\k>2. 



- X 

(2W n (x)w'(x 2 )w"(x 1 )- 

w'(x 2 )(w(x 1 )w"(x 1 ) + 2( W '(x 1 )) 2 ))/ (W n (x)) 6 - 
3(W n (x))V(x 2 ) x ((W n (x) fw"(x 1 )- 

W n (x)(w(x 1 )w"(x 1 ) + 2K(xx)) 2 ) + 2w(x 1 )(w'(x 1 )f)/ (W n (x) f = 

w'(x 2 )W n (x)x 

(2W n (x)w"( Xl )- 

(w(xi)w"(xi) + 2K(xx)) 2 ))/ (W n (x)f - 
3((W n (x)) 2 w"( Xl )- 

W n (x)(w{ Xl )w"{ Xl ) + 2K(xx)) 2 ) + 2 W (x 1 )K(x 1 )) 2 )/ (W n {x)f => 

ggg = w'(x 2 )x(-(W n (x)) 2 w''(x 1 ) + 2W n (x)(w(x 1 )w''(x 1 )^3.51) 
2( W '(xi)) 2 ) - 6 W (x 1 )( W '(x 1 )) 2 )/ (W n (x)) 4 . 

= W {x 2 ) x { (W n (x)f [- W '(x 2 )w"( Xl )} 
1 [2( W '(xi)) 2 - W n (x)w"( Xl )] 3 (^„(x)) 2 w'{x 2 ))/ {W n {x)f + 
w'(x 2 ) x (2(w'(x 1 )) 2 - W n (x)w"( Xl ))/ (W n (x)f = 
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w(x 2 ) x ( (W n (x)f [-w'(x 2 )w"( Xl )} - 

[2(«/(x x )) a - W n (x)w"(xi)] 3 {W n {x)f w'{x 2 ))/ (W n {x)f + 

w'(x 2 ) x (2(w'(x 1 )) 2 - W n {x)w"{ Xl ))/ (W n (x)f = 

-w(x 2 ) x (W n (x)w" (x 1 )w(x 2 )+ 

3 [2{w'( Xl )f - W n (&)v/'(xi)] w{x 2 ))/ {W n (x)f + 

w'(x 2 ) x (2W n (x)(w'( Xl )) 2 - (W n (x)) 2 w"( Xl ))/(W n (x)) 4 => 

= u/^) x ( - (T^„(i)) 2 w"( Xl )+ 
2W n (x)(w"(x 1 )w(x 2 ) + {w'( Xl )) 2 y (3.52) 
6{v/{x 1 )) 2 w{x 2 ))/(W n (x))\ 

= u>(a*) x ( - (WUi)) 3 ^'(sOtu'^a)- 

1 [2(w'( Xl )f - W n (x)w"( Xl )] 3 (^„(x)) 2 w'(x 2 ))/ (W n (x)) 6 = 
-w(x k ) x (W n (x)w" (xi)w' (x 2 ) + 

6(w'(xi)) 2 w'(x 2 ) - SW^j&Vfo V(a: 2 ))/ (VK„(i)) 4 =>• 



§^M = -2™(x fe X(x 2 )x (3.53) 



dx'fdx2 

l )) 2 -W n 



3(w'(x 1 )) 2 -W n (x)w"(x 1 ) ^ > g 



Recall that for x > 0, we let x^ = (x, ...,x) e 3?". Using W„(a;W) = nw(x) 
and substituting into (|3.43[) (|3.53[) . we have 
First Order 



dxi V ' n 2 w(x) ' (922 ^ ' n 2 -u; 2 (a:) V • / 



w'(x) dv k ( X M) = _w\x)_ 

Second Order 

^(xW) = (n 2 w 2 (x)u/'(x) -nw(:r)(w(x)u/'(:E)+ 
2(w'(x)) 2 ) + 2<T)(u/(x)) 2 )/n 3 W 3 (x) =► 



^y(x w ) = ("-iH^^K'W- 2 ^'^))^ (3.55) 



dxf 



v k f-Hl _ „,.f„A 2(w' (x)) 2 ~nw(x)w" (x) 
v*~K X 1 ~ W \ X > n*w*(x) 



|i* (a; N) = «™'^$ W ' (x \ k> 2. (3.56) 



ggfe(xN) = {w ' {x) fJ-^. (3.57) 
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sgfeOrM) = KW) 2 ^, zfe(> ] ) = %g$,k> 3. (3.58) 
Third Order 

^(iW) = (u/"^)™ 3 ™ 3 ^) - (6w'(x)u;"(x) + w{x)w"' (x))n 2 w 2 {x) + 
6(w(x)w' (x)w" (x) + (w' (x)) 3 )nw(x) — 6w(x)(w' (x)) 3 ) /n w 3 (x) => 

^f(x [n] ) = (n - 1) x (n 2 w 2 (a;)w;"'(a;)- (3.59) 
6nw(x)w'(x)w"(x) + 6(u/(x)) 3 ))/n 4 w 3 (x). 

j£jjL-(a;M) = w '(x) x ( - n 2 w 2 (x)w"(x) + 2nw(x)(w(x)w"(x)+ 
2{w'{x)) 2 ) - 6w(x)(w'(x)) 2 )/n 4 w i (x) => 



S(t-M n] ) = W 'W x (( 2n - n 2 )w{x)w"(x)+ (3.60) 
(4n-6)(w'(x)) 2 )/n 4 w 3 (x). 

^t-M n] ) = w '( x ) x ( - n 2 w 2 {x)w"{x)+ 
2nw(x)(w"(x)w(x) + (w'{x)) 2 ) - 6(io' {x)) 2 w(x)) /n 4 u> 4 (a;) =>• 



= ^ (a;) ^-" 2 ^W^)ff"-6)^^)) a (3.61) 
Vk . ( r H\ _ 2v/(r) nw ( x ) w "( x )-3( w '( x )) 2 h. > q 



n 

Write Q(x) = wi(x)/i(xi) + £ =► = v 1 (x)h'(x 1 )+ 

k=2 



|^(xW) =Vl ( a; N ) / l '( a; ) + /, (x )|Hi( x W ) + / l ( a;) £ §^( X M). (3.62) 
@(x) = Vl (x)h"( Xl ) + 2*£&h'( Xl ) + ^h( Xl ) + ± h(x k )^ => 

1 1 fc=2 1 



g(xW) = /l " (a; ) Ul(a; N) + 2/ l '( a; )|Hi(x["])+/ l (x)^(x["])+/ l (x) £ 1^ N )- 

(3.63) 

i(^ W ) = + M*)ggfe(* W ) + h(x)^rM n] )+ (3-64) 



fe=3 
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gf Or) = v 1 {x)h"'{x l ) + 3°%Mh"( Xl ) + 3^1h'( Xl )+ 

1 fc=2 1 

§(x W ) = r(i)tn(iW) +3/i"( : r)|^(a ; W) + 3/ l / (x)^-( a; H) + (3.65) 

1 fe=2 1 

1 A:=3 1 



= & w (*)fe(* W ) + 2/ l '(x) 5 fj k (xN) + /l(;E )_| fe ( a; [n] )+ 

(3.66) 



Now substitute ([535|) -([3T6T ]) into ([3T52]) -([3T56 l) . That yields, after some 
simplification: 

First Order: §^{x [n] ) = \h'{x) 

Second Order: fe^M) = 2(n-i)/ 1 '(xK( a )+n U ,( a )h"(x) 

dxidx 2 ^ ' n 2 («)(a;)) a 

Third order: ^§r{x [n] ) = {in 2 - 3n)w(x)h' (x)w" (x)+ 

(3n 2 - 3n)w{x)h"\x)w'{x) + n 2 {w{x)f h"'{x)+ 
(6 - 6n)h'(x)(w'(x)) 2 )/n 3 (w(x)f 

d 3 Q / [ n U _ (<o — 2n)ti (x)(w' (x)) 2 -nw(x)h" '(x)w' (x)-nw" (x)w(x)ti (x) 
dx\dx2^ ' n 3 (w(x)) 2 

Finally, we obtain the partial derivatives of m using the formulas above for 
Q and the chain rule. 

Second Order: %g = h'(m(x))^ + h"{m{x)) (f^)* => 



dx'j 

d 2 Q, 
dx'j 



i( X W) = + ^h"(x) =► ^-^h\^(x)+n W (x)h''(x) = 

h'(x)^(x^) + ^h"(x). Solving for yields (gj). One can derive 
2.2[) similarly or just use 
f2T) and Theorem [7]n). 



?(5) = h'(m(i))|^ + /i"(m(i))(^ 



Third order: 

as 

= h'(m(x))^(x) + h "(m(x))^(x)^(x) 



« T a V"*V " V"'\- iJ V^/ ' 11 V \ dxi \ At 2 

ft"(m(i))2 (^(4)) f^(z) + fc"'(m(z))&i(a) (f^(i)) 2 => 

gf (£) = ft'(m(i))§(4) + 3/ l "(m(5))^(4)|^(i) + fe"'(m(5)) (f^(z))' 
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^(xW) and using JHE) yields JUJ). 

gf (£) = ^(mCx))^^) + h"(m(x)) (^{x)) 2 => 
^(4) = + fc"(m(4))^(4)S?(*)+ 

ft"(m(4))2^(*) J fe(4) + *"'(m(f )) (f^(i)) 2 -g(i) =► 

±sti"(x). Solving for ^(iM) and using ([22]) yields (|2^|) . ■ 
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